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Electrically injected terahertz (THz) radiation sources are extremely appealing given their ver-
satility and miniaturization potential, opening the venue for integrated-circuit THz technology. In
this work, we show that coherent THz frequency combs in the range 0.5 THz < ω/2pi < 10 THz
can be generated making use of graphene plasmonics. Our setup consists of a graphene field-effect
transistor with asymmetric boundary conditions, with the radiation originating from a plasmonic
instability that can be controlled by direct current injection. We put forward a combined analytical
and numerical analysis of the graphene plasma hydrodynamics, showing that the instability can be
experimentally controlled by the applied gate voltage and the injected current. Our calculations
indicate that the emitted THz comb exhibits appreciable temporal coherence (g(1)(τ) > 0.6) and
radiant emittance (107 Wm−2). This makes our scheme an appealing candidate for a graphene-
base THz laser source. Moreover, a mechanism for the instability amplification is advanced for the
case of substrates with varying electric permitivitty, which allows to overcome eventual limitations
associated with the experimental implementation.
PACS numbers:
Introduction.−Terahertz (THz) radiation consists of
electromagnetic (EM) waves within the frequency range
from 0.1 to 10 THz, filling the gap between microwave
and infrared light. The technology for its production is
currently a very active field of research [1, 2], since THz
radiation has numerous applications, comprising sensing,
imaging, metrology and spectroscopy [3, 4]. A major rea-
son for the hype around THz radiation is that fact that it
is able to penetrate several materials that are opaque to
visible and IR radiation, while the short wavelength pro-
vides high image resolution [5]. On the other hand the
attenuation in water can provide information for medical
imaging while being non-ionising and biologically safe.
Among all forms of THz radiation, THz laser (THL)
combs play a prominent role within such technology
[6, 7]. However, THL generation still faces significant
difficulties, being restricted to gas lasers [8, 9], with low
efficiency, quantum cascade lasers [1, 10], which require
extremely low temperatures, and free electron lasers [11],
practically impossible to miniaturize. With the advent of
graphene plasmonics, new techniques relying in optical
pumping have been put forward [12–14]. The progress
in graphene based transistors [15] paved the way to
the possibility for all-electrical miniaturized devices for
low power radiation emission and detection. Yet, such
integrated-circuit THz technology based on graphene is
at its infancy, notwithstanding some experimental studies
in visible and mid-infrared light emission [16–18]. More
recently, THz emission from dual gate graphene field-
effect transistor (FET) due to electron/hole recombina-
tion in a p-i-n junction has been made possible [19, 20].
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Practical solutions towards inexpensive, compact and
easy-to-operate lasing devices are, therefore, desirable.
In this Letter, we exploit a scheme for the generation
of coherent THz frequency combs in graphene field-effect
transistors, arising from the Dyakonov-Shur (DS) plas-
monic instability [21, 22]. The latter can be excited via
the injection of an electric current, thus forgoing the ne-
cessity of optical pumping. This opens the possibility to
the development of an all-electric, low-consumption stim-
ulated THL, capable of operating at room temperature.
Our calculations are based on the hydrodynamic formu-
lation of the plasma in monolayer graphene, from which
we analytically obtain the instability criteria and numer-
ically extract the radiation spectrum, intensity and cor-
relation. Our findings reveal that the emitted THL comb
exhibits appreciably large values of both spatial and tem-
poral coherences, suggesting our scheme to be a compet-
itive solution towards THz laser light with integrated-
circuit technology. Finally, a new passive mechanism for
the amplification of the DS instability in gated graphene
is introduced.
Graphene plasma instability.−The dynamics of the
electronic flow in a graphene FET can be described with
the help of a hydrodynamic model [23–25]. Assuming
the transport to be restricted to one (say x) direction,
the latter reads
∂n
∂t
+
∂
∂x
nv = 0,
∂v
∂t
+ v
∂v
∂x
=
F
m∗
− 1
m∗n
∂P
∂x
,
(1)
where n is the 2D electronic density, v is the flow ve-
locity, F is the total force exerted in the electrons,
P = ~vF
√
pin3/3 is the pressure (with vF ∼ 106 ms−1
denoting the Fermi speed), and m∗ the electron effective
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FIG. 1: Left panel: Schematic diagram for gated graphene
transistor. For the DS instability to occur a fixed current
IDS is injected at the drain while mantaining the electronic
density of the source constant. Right panel: Example of the
instability growth of electronic density at the drain.
mass. The validity of the hydrodynamic model in Eq.
(1) is granted thanks to the large value of the mean free
path of electron scattering with phonons and impurities
l at room temperature (l > 0.2µm), thus assuring that
ballistic transport holds. We also consider graphene to
be in the degenerate Fermi liquid regime, provided that
the Fermi level remains bellow the Van Hove singular-
ities. At room temperature, the latter holds for Fermi
energies in the range 0.025 eV EF  3 eV.
The fact that electrons in graphene behave as massless
fermions poses a difficulty to the development of hydro-
dynamic models with explicit dependency on the mass.
Here, the Drude mass m∗ = ~
√
pin0/vF , with n0 denot-
ing the equilibrium carrier density, is used as an effective
mass [23, 25, 26]. In the field-effect transistor (FET) con-
figuration comprising a drain, a source and a gate (see
Fig. 1a for a schematic representation), the electric force
exerted on the electrons is dominated by the external
potential that screens Coulomb interaction. The applied
bias potential U has the contribution of both the parallel
plate capacitance Cg = ε/d0 (with d0 denoting the dis-
tance between the gate and the graphene sheet) and the
quantum capacitance [27–30] Cq = 2e
2
√
pin/pi~vF , as
U = en
(
1
Cg
+
1
Cq
)
. (2)
For carrier densities in the range n & 1012 cm−2, quan-
tum capacity dominates, and the potential can be ap-
proximated as U ' end0/ε. Keeping the pressure term
up to first order in the density, the fluid model in (1) can
be recast in a dimensionless form as
∂n
∂t
+
∂
∂x
(nv) = 0,
∂v
∂t
+ v
∂v
∂x
+
S2
v20
∂n
∂x
= 0, (3)
where v0 is the electron mean drift velocity along the
graphene channel and S2 ≡ e2d0n0/(m∗ε) + v2F /2 can
be interpreted as sound velocity of the carriers fluid, as
the dispersion relation for the electron fluctuations, ω =
(v0±S)k, is similar to that of a shallow water. For typical
values, the ratio S/v0 scales up to a few tens.
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FIG. 2: Top panel: Frequency of first mode vs. S/v0, the
parameter controlling the DS instability in graphene. Bot-
tom panel: Instability growth rate vs. S/v0. The solid and
dashed lines depict the theoretical curves from (4), while the
open dots the simulation results for v0/L = 0.4 THz. The
horizontal solid line line indicates the instability threshold
γτ = 1, as determined by typical experimental conditions.
The hydrodynamic model in Eq. (3) contains an in-
stability under the boundary conditions of fixed density
at source n(x = 0) = n0 and fixed current density at the
drain n(x = L)v(x = L) = n0v0, dubbed in the literature
as the Dyakonov-Shur (DS) instability [21, 31]. The later
arises from the multiple reflections of the plasma waves
at the boundaries, which provides a positive feedback for
the incoming waves driven by the current at the drain.
Combining Eq. (3) with the asymmetric boundary con-
ditions described above, the dispersion relation becomes
complex, ω = ωr+ iγ, where ωr is the electron oscillation
frequency and γ is the instability growth rate [21, 32, 33]
ωr =
|S2 − v20 |
2LS
pi,
γ =
S2 − v20
2LS
log
∣∣∣∣S + v0S − v0
∣∣∣∣ .
(4)
Therefore, given the dependence of S with gate voltage,
and as v0n0 = IDS/We, with IDS representing the source-
to-drain current and W the transverse width of the sheet,
the frequency can be tuned by the gate voltage and in-
jected drain current, not being solely restricted to the
geometric factors of the FET.
After an initial transient time, the DS instability sat-
urates due to the nonlinearities and the system goes in a
cycle of shock and rarefaction waves that sustain the col-
lective motion of the electrons (see Fig. 1b). Evidently,
such collective oscillation radiates in the same main fre-
quency ωr that lies in the THz range for typical values
of parameters, as depicted in Fig. 2. Moreover, as the
electrons are transported along density shock waves, they
bunch together and behave as a macroscopic dipole. As a
3consequence, the emitted radiation is highly coherent, a
fact that we will demonstrate below and that we believe
to be at the basis of a THL source.
In experimental conditions, the ideal situation de-
scribed above must be analysed with care. Indeed, for
the DS instability to take place, the growth rate γ has
to be larger than the total relaxation rate, 1/τ , due
to scattering with impurities and phonons. Recent ex-
periments performed at room temperature point to an
electron mobility of monolayer suspended graphene of
µ ' 105 cm2V−1s−1 [27, 34], that results in an average
relaxation rate 1/τ ≈ 1011 s−1. Fortunately, for a suit-
able choice of parameters, we can safely operate in the
regime γτ > 1, as shown in Fig. 2.
Numerical simulation of the THz frequency comb.−The
hyperbolic set of fluid equations in (3) have been inte-
grated using a second-order (time and space) Richtmyer
two-step Lax-Wendroff scheme [35]. The suppression of
numerical oscillations at the shock front has been imple-
mented by means of a moving average filter on the spa-
tial domain, from which the n(x, t) and v(x, t) profiles
are obtained as well as the integrated current and ten-
sion drop across the FET. From the output current and
density, the electromagnetic field can then be calculated
from Jefimenko’s integral equations [36]
E(r, t) =
en0
4piε0
∫
d2r′
[
n
|R|3 +
∂tn
|R|2c
]
R− ∂t(nv)|R|c2 ,
B(r, t) =
eµ0n0v0
4pi
∫
d2r′
[
nv
|R|3 +
∂t(nv)
|R|2c
]
×R.
(5)
with R = r − r′ being the displacement vector and c
the speed of light. The direct integration of Eq. (5)
allows the reconstruction of the emitted fields both in
near field and far field regimes. For the latter, our cal-
culations provide a radiant emittance of the order of
107 Wm−2. The reconstructed radiation pattern of the
graphene layer (i.e. without the reckoning radiation re-
flection/absorption effects due to the metallic gate, an
approximation that holds as the ratio c/v0 ∼ 1000, im-
plying the radiation wavelength λ ' 4Lc/S to be much
larger that the typical FET dimensions), shows a wide
omnidirectional profile with a half-power beam width of
120◦, as patent in Fig. 3. In fact, the angular Poynting
vector profile is 〈S〉 ∝ | cos θ|, unlike the typical dipo-
lar emitter 〈S〉dip ∝ cos2 θ. Such a wide lobe profile can
be explained by the fact that the collective movement of
charges occurs on the entire area of the graphene FET,
similarly to patch antennae [37]. The radiated spectrum
consists of a frequency comb in the THz range, with fre-
quencies ω = (j + 1)ωr with j ∈ N, as can be seen in the
inset of Fig. 4. Hereafter, a suitable design of a reso-
nance cavity would allow the selection and amplification
of the desired mode. Furthermore, if a periodic inversion
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FIG. 3: Far-field radiation pattern of the graphene FET
emitter at a distance R = 1000L. Average Poynting vec-
tor normalized to its maximum value vs. polar angle θ in
the vertical xz-plane. Points from numeric simulation follow
〈S(θ)〉 ∝ | cos θ| closely (red solid line), whereas the radiation
from a dipole antenna is narrower with 〈S(θ)〉 ∝ cos2 θ (blue
solid line).
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FIG. 4: Frequency comb obtained for L = 0.75µm, v0 =
0.3vF and S/v0 = 20. A pulse repetition rate of 5 GHz with a
10% duty cycle has been used. In the inset, the spectrum for
the dc case. Both Fourier spectra have been calculated with
the FFTW3 library [38].
of polarity is imposed across the channel, in such a way
that after the saturation time the perturbation due to DS
instability decays, a train of short pulses can be formed.
This can be implemented with a pulse generator control-
ling the injected current at drain with a repetition rate
frep. In Fourier space, such pulses form a THz frequency
comb around the main frequency with frequencies given
by ω = ωr + 2pijfrep with j ∈ Z as seen in Fig. 4.
THz laser coherences.−In order to determine wether
or not the emitted radiation can be understood as a THz
laser, we proceed to the calculation of both the temporal
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FIG. 5: Top panel: Temporal first order degree of coherence
vs. delay normalized to the period. Bottom panel: Spatial
degree of coherence vs. displacement transverse to main lobe
propagation.
and spatial coherences [39],
g(1)(τ) =
〈E∗(r, t)E(r, t+ τ)〉
〈E2(r, t)〉 ,
g(r1, r2) =
〈E∗(r1, t)E(r2, t)〉√〈E2(r1, t)〉〈E2(r2, t)〉 .
(6)
As expected, the radiated field exhibits appreciably large
coherences, both in far field and near field (not shown)
regimes, that increase with S/v0, as presented in Fig. 5.
As mentioned above, such an appreciable coherence de-
gree is attributed to the collective motion of the electrons
bunching together in the shock and rarefaction waves cy-
cle. The observed oscillation in the temporal coherence
is due to the frequency mixing in the frequency comb, a
feature that could be suppressed with the help of a THz
cavity, allowing for mode selection in the THz comb.
Improving the DS instability.−As mentioned above,
one possible limitation of our process may arise when
we approach the threshold region γτ = 1. To circum-
vent this issue without changing the setup, we found that
by varying the speed of the the plasma waves along the
channel length, i.e. by taking S = S0(1 − αx) (either
by manipulating the permittivity ε or the gate distance
d0), a remarkable enhancement of the instability growth
rate can be achieved, while no significant impact on the
spectrum is observable. Such modification on the veloc-
ity along the FET channel introduces a positive feedback
in the current instability, which leads to a larger value
of the growth rate and, consequently, to a faster satura-
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FIG. 6: Temporal evolution of electronic density at the drain.
Comparison of the growth rate in the case of constant S = 40
(red line) vs. the presence of linear gradient, S/v0 = 40(1 −
0.05x/L) (blue line). An increase of ∼ 33% in the electronic
density at saturation is attained.
tion of the DS instability. This features are illustrated
in Fig. 6. As such, the electron density at saturation
is higher, resulting in a ∼ 33% increase in the emitted
power for α = 0.05/L. The numerically extracted val-
ued of the growth rate in the speed-gradient scheme, γ˜,
are significantly larger than γ in Eq. (4), as it can be
stated in Table I. This mechanism can be seen as anal-
ogous to wave shoaling effect on shallow waters systems
and the shock wave amplitude is likewise amplified in
the presence of the velocity gradient [40]. Although out
of the scope of the present work, the investigation of the
DS mechanism in combination with other positive feed-
back configurations, such as subtract patterning [41] and
counter flows [42], will certainly deserve our attention in
the near future.
Conclusion.−We make use of a hydrodynamic model
to describe a plasmonic instability (Dyakonov-Shur insta-
bility) taking place in a graphene field-effect transistor
at room temperature. Our scheme, based on the con-
trol of the electron current at the transistor drain, re-
sults in the emission of a THz frequency comb. Numer-
ical simulations suggest that the emitted THz radiation
is extremely coherent, thus be an appealing candidate
for a THz laser source. Our findings point towards a
method for the development of tuneable, all-electrical
THz antennae, dismissing the usage of external light
sources such as THz solutions based on quantum cascade
TABLE I: Normalized growth rate γ˜/γ in the presence of a
negative gradient of the local sound speed in the FET channel,
S = S0(1− αx).
S0/v0
α/L 20 40 60 80
0.025 1.9±0.5 3.8±0.3 6.9±0.2 10.9±0.4
0.05 4.5±0.4 12.5±0.5 26±1 42.3±0.9
0.075 7.3±0.4 21.1±0.3 37±2 68±2
0.1 8.5±0.3 26±2 53±1 93±3
5lasers. This puts graphene plasmonics and, in particular,
graphene field-effect transistors in the run for competi-
tive, low-consumption THz devices based on integrated-
circuit technology, allowing the fabrication of patch ar-
rays designed to enhance the total radiated power.
Additional effects can be taken into account, such as
the electron-phonon coupling. This can particularly im-
portant in the case of suspended graphene, as the out-of-
plane vibrations (flexural phonons) play a significant role
in the electron transport [43]. Moreover, important effect
related to electron viscosity may arise in thin graphene
ribbons [44]. The later, more relevant for very small de-
vices, may hinder the plasmonic instability and, for that
reason, it is desirable to combine the Dyakonov-Shur con-
figuration with other positive-feedback schemes. Finally,
the instability amplification by resonances taking place
in magnetized graphene plasmas may also conduct to in-
teresting solutions [45].
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